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Abstract
The effective properties of composites and review literature on the
methods of Rayleigh, Natanzon–Filshtinsky, functional equations and
asymptotic approaches are outlined. In connection with the above
methods and new recent publications devoted to composites, we dis-
cuss the terms analytical formula, approximate solution, closed form
solution, asymptotic formula etc... frequently used in applied mathe-
matics and engineering in various contexts. Though mathematicians
give rigorous definitions of exact form solution the term ”exact so-
lution” continues to be used too loosely and its attributes are lost.
In the present paper, we give examples of misleading usage of such a
term.
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——————————————————————–
Unfairly recognizes advertising, which advertises
under the guise of one commodity another product.
— a shortened form of FTC Act, as amended,
§15(a), 15 U.S.C.A. §55(a) (Supp. 1938)
The complexity of the model is a measure of
misunderstanding the essence of the problem.
— A.Ya. Findlin [28]
1 Introduction
This paper is devoted to the effective properties of composites and review
literature concerning analytical formulae. The terms analytical formula, ap-
proximate solution, closed form solution, asymptotic formula etc... are fre-
quently used in applied mathematics and engineering in various contexts.
Though mathematicians give rigorous definitions of exact form solution [14,
49, 29] the term ”exact solution” continues to be used too loosely and its
attributes are lost. In the present paper, we give examples of misleading
usage of such a term. This leads to paradoxical situations when an author
A approximately solves a problem and an author B repeats the result of A
adding the term ”exact solution”. Further, the result of B is dominated in
references due to such an exactness. Examples of such a wrongful usage of
the exactness terms are given in the present paper.
We use also the term constructive solution (method) understood from
the pure utilization point of view. The constructive solution in the present
paper means that we have a formula or a precisely described algorithm,
perhaps, on the level of symbolic computations. Problems are said to be
tractable if they can be solved in terms of a closed form expression or of a
constructive method. For instance, a typical result from the homogenization
theory consists in replacement of a PDE with high oscillated coefficients by
an equation with constant coefficients called the effective constants. Next,
a boundary value problem is stated to determine the effective constants.
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Therefore, the homogenization theory rigorously justifies existence of the
effective properties. Their determination is a separate question concerning
a boundary value problem in a periodicity cell. Though, in some cases,
we should not solve a boundary value problem (see for instance the Keller-
Dykhne formula [13]).
We think that usage of the terms ”constructive solution” and more strong
”exact formula” are not acceptable when one writes a formula when its entries
could be found from an additional numerical procedure. One may use its own
terms but he/she has to be consistent with the commonly used terminology
in order to avoid misleading. We want to exclude situations when researchers
should necessary add that ”our formula is really exact” since it is a spiral
way and in the next time they should add that ”our formula is really–really
exact”. Below, we try to discuss the levels of exactness and precise the clear
for engineers terminology which should be used in applied mathematics.
The solution of an equation Ax = b can be formally written in the form
x = A−1b where A−1 is an inverse operator to A.
We say that x = A−1b is a analytical form solution if the expression A−1b
consists of a finite number of elementary and special functions, arithmetic op-
erations, compositions, integrals, derivatives and series. Closed form solution
usually excludes usage of series [14, 49, 29]1.
Asymptotic methods [1, 2] are assigned to analytical methods when solu-
tions are investigated near the critical values of the geometrical and physical
parameters. Hence, asymptotic formulae can be considered as analytical
approximations.
In order to distinguish our results from others we proceed to classify
different types of solutions.
Numerical solution means here the expression x = A−1b which can be
treated only numerically. Integral equation methods based on the potentials
of single and double layers usually give such a solution. An integral in such
a method has to be approximated by a cubature formula. This makes it
pure numerical, since cubature formulae require numerical data in kernels
and fixed domains of integrations.
Series method arises when an unknown element x is expanded into a
series x =
∑∞
k=1 ckxk on the basis {xk}∞k=1 with undetermined constants
ck. Substitution of the series into equation can lead to an infinite system
1However, an integral is accepted. In the same time, Riemann’s integral is a limit of
Riemann’s sums, i.e., it is a series.
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of equations on ck. In order to get a numerical solution, this system is
truncated and a finite system of equations arise, say of order n. Let the
solution of the finite system tend to a solution of the infinite system, as
n→∞. Then, the infinite system is called regular and can be solved by the
described truncation method. This method was justified for some classes of
equations in the fundamental book [35]. The series method can be applied
to general equation Ax = b in a discrete space in the form of infinite system
with infinite number of unknowns. In particular, Fredholm’s alternative and
the Hilbert-Schmidt theory of compact operators can be applied [35]. So
in general, the series method belongs to numerical methods. In the field of
composite materials, the series truncation method was systematically used
by Guz et al. [31] and many others.
The special structure of the composite systems or application of a low-
order truncation can lead to an approximate solution in symbolic form. Par
excellence examples of such solutions are due to Rayleigh [58] and to McPhe-
dran et al. [57, 41, 40] where analytical approximate formulae for the effective
properties of composites were deduced.
Discrete numerical solution refers to applications of the finite elements
and difference methods. These methods are powerful and their application is
reasonable when the geometry and the physical parameters are fixed. Many
experts perceive a pristine computational block (package) as an exact for-
mula: just substitute data and get the result! However, a sackful of numbers
is not as useful as an analytical formulae. Pure numerical procedures can fail
as a rule for the critical parameters and analytical matching with asymptotic
solutions can be useful even for the numerical computations. Moreover, nu-
merical packages sometimes are presented as a remedy from all deceases. It
is worth noting again that numerical solutions are useful if we are interested
in a fixed geometry and fixed set of parameters for engineering purposes.
Analytical formulae are useful to specialists developing codes for com-
posites, especially for optimal design. We are talking about the creation of
highly specialized codes, which enable to solve a narrow class of problems
with exceptionally high speed. ”It should be emphasized that in problem of
design optimization the requirements of accuracy are not very high. A key
role plays the ability of the model to predict how the system reacts on the
change of the design parameters. This combination of requirements opens
a road to renaissance of approximate analytical and semi-analytical models,
which in the recent decades have been practically replaced by ”universal”
codes” [28].
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Asymptotic approaches allow us to define really important parameters of
the system. The important parameters in a boundary value problem are those
that, when slightly perturbed, yield large variations in the solutions. In other
words, asymptotic methods make it possible to evaluate the sensitivity of the
system. There is no need to recall that in real problems the parameters of
composites are known with a certain (often not very high) degree of accuracy.
This causes the popularity of various kinds of assessments in engineering
practice. In addition, the fuzzy object oriented (robust in some sense) model
[22] is useful to the engineer. Multiparameter models rarely have this quality.
”You can make your model more complex and more faithful to reality, or
you can make it simpler and easier to handle. Only the most naive scientist
believes that the perfect model is the one that represents reality” [30, p. 278].
It should also be remembered that for the construction of multiparameter
models it is necessary to have very detailed information on the state of the
system. Obtaining such information for an engineer is often very difficult for
a number of objective reasons, or it requires a lot of time and money. And the
most natural way of constructing sufficiently accurate low-parametric models
is to use the asymptotic methods [64].
2 Approximate and exact constructive for-
mulae in the theory of composites
In the present section, we discuss constructive methods used in the theory of
dispersed composites. The main results are obtained for 2D problems which
will be considered in details.
Let ω1 and ω2 be the fundamental pair of periods on the complex plane
C such that ω1 > 0 and Im ω2 > 0 where Im stands for the imaginary
part. The fundamental parallelogram Q is defined by the vertices ±ω1
2
and
±ω2
2
. Without loss of generality the area of Q can be normalized to one. The
points m1ω1+m2ω2 (m1, m2 ∈ Z) generate a doubly periodic lattice Q where
Z stands for the set of integer numbers. Introduce the zero-th cell
Q = Q(0,0) =
{
z = t1ω1 + it2ω2 ∈ C : −1
2
< t1, t2 <
1
2
}
.
The lattice Q consists of the cells Q(m1,m2) = Q(0,0) +m1ω1 + im2ω2.
Consider N non–overlapping simply connected domains Dk in the cell
Q with Lyapunov’s boundaries Lk and the multiply connected domain D =
5
Q\∪Nk=1 (Dk ∪Lk), the complement of all the closures of Dk to Q (see Fig.1).
The case of equal disks Dk will be discussed below.
Ω2
2
Ω1
2Q Q+Ω1
Q+Ω1+Ω2
Q+Ω1-Ω2Q-Ω2
Q+Ω2Q-Ω1+Ω2
Q-Ω1
Q+2 Ω1-Ω
Q-Ω1-Ω2
Q-2 Ω1-Ω2
Figure 1: Doubly periodic composite.
We study conductivity of the doubly periodic composite when the host
D + m1ω1 + m2ω2 and the inclusions Dk + m1ω1 + m2ω2 are occupied by
conducting materials. Introduce the local conductivity as the function
σ(x) =
{
1, x ∈ D,
σ, x ∈ Dk, k = 1, 2, . . . , N. (2.1)
Here, x = (x1, x2) is related to the above introduced complex variable z by
formula z = x1 + ix2. The potentials u(x) and uk(x) are harmonic in D
and Dk (k = 1, 2, . . . , N) and continuously differentiable in closures of the
considered domains. The conjugation conditions express the perfect contact
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on the interface
u = uk,
∂u
∂n
= σ
∂uk
∂n
on Lk = ∂Dk, k = 1, 2, . . . , N, (2.2)
where ∂
∂n
denotes the outward normal derivative to Lk. The external field is
modelled by the quasi–periodicity conditions
u(z + ω1) = u(z) + ξ1, u(z + ω2) = u(z) + ξ2, (2.3)
where ξ1,2 are constants modeled the external field applied to the considered
doubly periodic composites.
Consider the regular square lattice with one disk |z| < r0 per cell. In this
case, ω1 = 1, ω2 = i and N = 1. The effective conductivity tensor is reduced
to the scalar effective conductivity σe. In order to determine σe it is sufficient
to solve the problem (2.2)-(2.3) for ξ1 = 1, ξ2 = 0 and calculate
σe = 1 + (σ − 1) πr20
∂u1
∂x1
(0). (2.4)
2.1 Method of Rayleigh
The first constructive solution to the conductivity problem (2.2)-(2.3) for
the regular square array was obtained in 1892 by Lord Rayleigh [58]. The
problem is reduced to an infinite system of linear algebraic equations by the
series method outlined below. The potentials are expanded into the odd
trigonometric series in the local polar coordinates (r, θ)
u1(r, θ) = C0 + C1r cos θ + C3r
3 cos 3θ + . . . , r ≤ r0, (2.5)
u(r, θ) = A0 + (A1r +B1r
−1) cos θ + (A3r
3 +B3r
−3) cos 3θ + . . . . (2.6)
The same series can be presented as the real part of analytic functions ex-
panded in the Taylor and Laurent series, respectively,
ϕ1(z) = ϕ10 + ϕ11z + ϕ13z
3 + . . . , r ≤ r0, (2.7)
ϕ(z) = α0 + α1z + β1z
−1 + α3z3 + β3z−3 + . . . , (2.8)
where u1(z) =Re ϕ1(z) and u(z) =Re ϕ(z). Substitution of the series (2.5)-
(2.6) (or the series (2.7)-(2.8)) into (2.2) and selection the terms on cos kθ
yields an infinite system of linear algebraic equations. Rayleigh treats the
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quasi-periodicity condition (2.3) as the balance of the multiple sources inside
and out of the diskD1. This leads to the lattice sums Sm =
∑
m1,m2
(m1+ im2)
−m
(m = 2, 3, . . .), where m1, m2 run over all integers except m1 = m2 = 0. The
series S2 is conditionally convergent, hence, its value depends on the order
of summation. Rayleigh uses the Eisenstein summation [66]
∑e
m1,m2
:= lim
M2→+∞
lim
M1→+∞
M2∑
m2=−M2
M1∑
m1=−M1
. (2.9)
It is worth noting that Rayleigh (1892) did not refer to Eisenstein (1847) and
used Weierstrass’s theory of elliptic functions (1856). Perhaps it happened
because Eisenstein treated his series formally without study on the uniform
convergence introduced by Weierstrass later. Rayleigh used the Eisenstein
summation and proved the fascinating formula S2 = π for the square array
(see discussion in [67]).
The coefficients of the infinite system are expressed in terms of the lattice
sums Sm. This system is written in the next section in the complex form
(2.19). Rayleigh truncates the infinite system to get an approximate formula
for the effective conductivity (2.4).
Rayleigh extended his method to rectangular arrays of cylinders and to
3D cubic arrays of spherical inclusions. Rayleigh’s approach was elaborated
by McPhedran with coworkers [57, 41, 40]. For instance, for the hexagonal
array Perrins et al. [57] obtained the approximate analytical formula
σe ≈ 1 + 2f̺
1− f̺− 0.075422̺2f6
1−1.060283̺2f12 − 0.000076̺2f 12
, (2.10)
where ̺ = σ−1
σ+1
denotes the contrast parameter, f = πr20 the concentration of
inclusions. They further developed the method of Rayleigh and applied it to
various problems of the theory of composites [11, 51, 55].
2.2 Method of Natanzon–Filshtinsky
The next important step in the mathematical treatment of the 2D composites
was made by V.Ya. Natanzon [54] in 1935 and L.A. Filshtinsky (Fil’shtinskii)
in 1964 (see papers [24, 25, 16], his thesis [26], the fundamental books [17,
18, 19, 23] and references in [27]). V.Ya. Natanzon and L.A. Filshtinsky
modified and extended the method of Rayleigh to a 2D elastic doubly periodic
problems but without reference to the seminal paper [58].
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Rayleigh used the classic Laurent series (2.8) in the domain D of the unit
cell and further periodically continued it by the Eisenstein summation (2.9).
The main idea of [54] is based on the periodization of the complex potential
ϕ(z) without summation over the cells (we take the derivative as in [54])
ϕ′(z) = A0 + A2℘(z) + A4℘′′(z) + A6℘(iv)(z) + . . . . (2.11)
Filshtinsky used the series
ϕ(z) = A0z −A2ζ(z)− A4ζ ′(z)− A6ζ ′′′(z)− . . . , (2.12)
where ζ(z) and ℘(z) = −ζ ′(z) are the Weierstrass elliptic functions. Appli-
cation of series (2.11)-(2.12) allows to avoid the study of the conditionally
convergent lattice sum S2.
The Kolosov-Muskhelishvili formulae express the stresses and deforma-
tions in terms of two analytic functions. One of the functions has to be
doubly periodic, hence, can be presented in the form (2.12). However, a
combination of the first and second analytic functions satisfies periodic con-
ditions which yields the following representation for the second function
Φ(z) = B0 +B2℘1(z) +B4℘
′′
1(z) + . . . , (2.13)
where ℘1(z) is a new function introduced by Natanzon by means of the series
℘1(z) = −2
∑
(m1,m2)∈Z2\(0,0)
[
P
(z − P )3 −
P
P 3
]
, (2.14)
P = m1ω1 + im2ω2. Natanzon’s function (2.14) was systematically investi-
gated in [19, 54]. In particular, simple expressions of ℘1(z) and its derivatives
in terms of the Weierstrass elliptic functions were established.
Substitution of the series (2.12) into boundary conditions for the conduc-
tivity problem with one circular inclusion per cell yields the same Rayleigh’s
infinite system (see below (2.19)) and low-order in concentration formulae
for the effective conductivity. Filshtinsky [24, 16] obtained approximate ana-
lytical formulae for the local fields which can yield the effective conductivity
after its substitution into (2.4).
In 2012, Godin [15] brought to a close the method of Natanzon-Filshtinsky
for conductivity problems having repeated Filshtinsky’s analytical approxi-
mate formulae for the local fields [24, 16], used (2.4) and arrived at polynomi-
als of order 12 in f for regular arrays. These polynomials are asymptotically
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equivalent to the approximation (2.10) established in 1978 and can be ob-
tained by truncation from the series, first obtained in 1998, exactly written
in the next section. The paper [15] contains the reference to [17] contrary to
huge number of papers discussed in Sec.3.
2.3 Method of functional equations. Exact solutions
The methods of Rayleigh and of Natanzon–Filshtinsky are closely related to
the method of functional equations [43, 49, 29]. Roughly speaking, Rayleigh’s
infinite system is a discrete form of the functional equation. The method of
functional equations stands out against other methods in exact solution to 2D
problems with one circular inclusion per cell. Moreover, functional equations
yield constructive analytical formulae for random composites [29].
In order to demonstrate the connection between the methods of Rayleigh
and of functional equations we follow [60] starting from the functional equa-
tion
ψ1(z) = ̺
∑′
m1,m2∈Z
r2
(z − P )2 ψ1
(
r2
z − P
)
+ 1, |z| ≤ r0. (2.15)
where m1, m2 run over integers in the sum
∑′ with the excluded term m1 =
m2 = 0. Here, ψ1(z) is the complex flux inside the disk |z| < r0. Let the
function ψ1(z) be expanded in the Taylor series
ψ1(z) =
∞∑
m=0
αmz
m, |z| ≤ r0, (2.16)
Substituting this expansion into (2.15) we obtain
∞∑
m=0
αmz
m = ̺
∞∑
m=0
r2(m+1)αm
∑′
m1,m2∈Z
1
(z − P )m+2 + 1, (2.17)
where the Eisenstein summation (2.9) is used. The function
El(z) =
∑
m1,m2∈Z
1
(z − P )l (2.18)
is called the Eienstein function of order l [66]. Expanding every function
(z − P )−(m+2) in the Taylor series and selecting the coefficients in the same
10
powers of z we arrive at the infinite R-linear algebraic system
αl = ̺
∞∑
m=0
(−1)m (l +m+ 1)!
l!(m+ 1)!
Sl+m+2r
2(m+1)αm + 1, l = 0, 1, . . . . (2.19)
This system (2.19) coincides with the system obtained by Filshtinsky. Its
real part is Rayleigh’s system and Re α1 =
∂u1
∂x1
(0) (see (2.4)).
The functional equation (2.15) is a continuous object more convenient
for symbolic computations than the discrete infinite systems (2.19). Instead
of expansion in the discrete form described above we solve the functional
equation by the method of successive approximations uniformly convergent
for any |̺| ≤ 1 and arbitrary r0 up to touching [29]. Application of (2.4)
yields the exact formula for the effective conductivity tensor
σ11 − iσ12 = 1 + 2̺f + 2̺2f 2S2
π
+ (2.20)
2̺2f 2
π
∞∑
k=1
̺k
∞∑
m1=1
∞∑
m2=1
· · ·
∞∑
mk=1
s(1)m1s
(m1)
m2
. . . s(mk−1)mk s
(mk)
1
(
f
π
)M−k
,
where M = 2(m1 +m2 + · · ·+mk) and
s
(m)
k =
(2m+ 2k − 3)!
(2m− 1)!(2k − 2)!S2(m+k−1). (2.21)
The Eisenstein–Rayleigh lattice sums Sm are defined as Sm =
∑
P 6=0 P
−m
and can be determined by computationally effective formulae [29]. The com-
ponent σ22 is calculated by (2.20) where S2 is replaced by 2π − S2.
Formula is exact and first was described in 1997 in the papers [45] in the
form of expansion on the contrast parameter ̺. Justification of the uniform
convergence for any |̺| ≤ 1 and for an arbitrary radius up to touching disks
was established in [46, 45]. The papers [47, 48] contains transformation of
the contrast expansion series from [45] to the series (2.20) more convenient
in computations.
The relation S2 = π holds for the square and hexagonal arrays (macro-
scopically isotropic composites). It is worth noting that in this case the terms
with m1 = m2 = . . . = 1 in the sum over k and the first three terms in (2.20)
form a geometric series transforming into the Clausius-Mossotti approxima-
tions (Maxwell’s formula)
σe ≈ 1 + f̺
1− f̺. (2.22)
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The series (2.20) can be investigated analytically and numerically. For in-
stance, for the hexagonal array of the perfectly conducting inclusions (̺ = 1)
it can be written in the form
σe(f) = 1 + 2f + 2f
2 + 2f 3 + 2f 4 + 2f 5 + 2f 6
+ 2.1508443464271876f 7 + 2.301688692854377f 8
+ 2.452533039281566f 9 + 2.6033773857087543f 10
+ 2.754221732135944f 11 + 2.9050660785631326f 12
+ 3.0674404324522926f 13 + 3.2411917947659736f 14
+ 3.426320165504177f 15 + 3.6228255446669055f 16
+ 3.8307079322541555f 17 + 4.049967328265928f 18
+ 4.441422739726373f 19 + 4.845994396051242f 20
+ 5.264540375940583f 21 + 5.69791875809444f 22
+ 6.146987621212864f 23 + 6.6126050439959f 24
+ 7.135044602470776f 25 + 7.700073986554016f 26
+ O(f 27). (2.23)
The first 12 coefficients in the expansion of (2.10) in the series in f for ̺ = 1
coincide with the coefficients of (2.23).
Application of asymptotic methods to (2.23) yields analytical expressions
near the percolation threshold [29]
σe(f) = α(f)
F (f)
G(f)
, (2.24)
where
α(f) = 4.82231(
pi√
12
−f
) 1
2
− 5.79784+
2.13365
(
π√
12
− f
) 1
2 − 0.328432
(
π√
12
− f
)
,
(2.25)
F (f) = 1.49313 + 1.30576f + 0.383574f 2 + 0.467713f 3+
0.471121f 4 + 0.510435f 5 + 0.256682f 6 + 0.434917f 7+
0.813868f 8 + 0.961464f 9 + 0.317194f 10 + 0.377055f 11−
1.2022f 12 − 0.931575f 13
(2.26)
and
G(f) = 1.49313 + 1.30576f + 0.383574f 2 + 0.394949f 3+
0.4479f 4 + 0.5034f 5 + 0.3033f 6 + 0.2715f 7 + 0.7328f 8+
0.827239f 9 + 0.25509f 10 + 0.239752f 11 − 1.26489f 12 − f 13.
(2.27)
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The function (2.24) is asymptotically equivalent to the polynomial (2.23), as
f → 0, and to Keller’s type formula [10]
σe(f) =
4
√
3π
3
2√
2
1√
π√
12
− f
, as f → fc = π√
12
. (2.28)
The series (2.20) for the hexagonal array when |̺| ≤ 1 yields
σe(f, ̺) =
1 + ̺f
1− ̺f + 0.150844̺
3f 7 + 0.301688̺4f 8 + 0.452532̺5f 9+ (2.29)
0.603376̺6f 10 + 0.75422̺7f 11 + · · · .
The asymptotic analysis of the local fields when |̺| → 1 and f → fc was
performed in [61] where a criterion of the percolation regime was given, i.e.,
the domain of validity of (2.29). The following formula was established in
[29]
σe(f, ̺) = σ
∗(f, ̺)
U(f, ̺)
W (f, ̺)
, (2.30)
where
σ∗(f, ̺) =
(
1 +
̺f
fc
) 1
2
(
1− ̺f
fc
)− 1
2
, (2.31)
U(f, ̺) = −̺11f 11 − 0.660339̺9f 9 + ̺7(1.44959f 4 − 0.232667)f 7+
̺5(1.59231f 9 + 0.457218f 5) + ̺3(1.99365f 7 + 2.10888f 3)+
11.8598̺f + 26.4332
(2.32)
and
W (f, ̺) = ̺7f 7(0.232667− 1.44959f 4) + ̺11f 11 + 0.660339̺9f 9+
̺5(−1.59231f 9 − 0.457218f 5) + ̺3(−1.99365f 7 − 2.10888f 3)−
11.8598̺f + 26.4332.
(2.33)
The function (2.30) is asymptotically equivalent to (2.29), as (̺f) → 0,
and to the percolation regime. Formulae (2.30)-(2.33) and (2.10) for high
concentrations are compared in Fig.2.
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Figure 2: Effective conductivity for the hexagonal array σe(f, ̺) calculated
with (2.30)-(2.33) (solid line) and (2.10) (dashed line).
3 ”Exact solutions”
Perhaps, the first too magnified usage of the term ”exact solution” in the the-
ory of composites began in 1971 with Sendeckyj’s paper [63] in the first issue
of Journal of Elasticity where ”an exact analytic solution is given for a case
of antiplane deformation of an elastic solid containing an arbitrary number
of circular cylindrical inclusions”. Actually, as it is written in this paper, a
method of successive approximations based on the method of images was ap-
plied to find an approximate solution in analytical form. Sendeckyj’s method
is a direct application of the generalized alternating method of Schwarz de-
veloped by Mikhlin [42, Russian edition in 1949] to circular finitely connected
domains. This method does not always converge. The method of Schwarz
was modified in [43] where exact2 solution of the problem was obtained in
the form of the Poincare´ type series [52]. Its relation to the series method
leading to infinite systems is described in [44].
In the book [36, Introduction], Kushch asserts that his solutions are ”com-
plete” and ”the exact, finite form expressions for the effective properties”
2not ”exact”
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obtained. The same declarations are given in [38, 39]. For instance, ”ex-
act” and ”complete solution of the many-inclusion problem” is declared in
[37]. Below [37, Sec.5] the authors explain that ”solution we have derived
is asymptotically exact. It means that to get the exact values, one has to
solve a whole infinite set of linear equations”. In [36, Sec.9.2.2], difficulties in
solution to infinite systems arisen for a finite number of disks are described.
In the paper [39] devoted to the same problem, Kushch writes that ”an ex-
act and finite form expression of the effective conductivity tensor has been
found”. However, the ”exact” formula (62) from [39] contains parameters
F
(p)
n which should be determined numerically from an infinite system.
As it is explained in Introduction to the present paper, a regular (in
the sense of [35]) infinite system of linear algebraic equations is a discrete
form of the continuous Fredholm’s integral equation. The truncation method
is applied to the both discrete and continuous Fredholm’s equations refers
to numerical methods in applied mathematics, since a special data set of
geometrical and physical parameters is usually taken to get a result. Then,
following logical reasoning and Kushch’s declarations we should use the term
”exact solution” for numerical solutions obtained from Fredholm’s equations
that essentially distorts the sense of exact solution.
Another question concerns the declaration ”complete solution” [36, 37,
38, 39]. The completely solved problem should not be investigated anymore.
Such a declaration by Kushch ignores exact solutions described in Sec.2.3
including the exact formulae obtained before, c.f. [43]. It is demonstrated in
Fig.3 that the ”complete solution” by Kushch is no longer complete for high
concentrations.
Beginning from 2000 Balagurov [5]-[7] has been applying the method of
Natanzon and Filshtinsky described above in Sec.2.2 (after exact solution to
the problem for regular array of disks in 1997-1998, see Sec.2.3) without ref-
erences to them. The main difference between [5]-[7] and [54], [17, 18, 19, 23]
lies in the terminology. Balagurov used the terminology of conductivity
governed by Laplace’s equation (harmonic functions). Natanzon and Fil-
shtinsky used the terminology of elasticity and heat conduction governed by
bi-Laplace’s (biharmonic functions) and by Laplace’s equation, respectively.
Moreover, Filshtinsky separated in his works plane and antiplane elasticity
which is equivalent to a separate consideration of bi-Laplace’s and Laplace’s
equation.
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For instance, the paper [4] is devoted to application of the Natanzon-
Filshtinsky representation (2.12) to the square array of circular cylinders.
Exactly having repeated [54, 17, 18, 19, 23], Balagurov and Kashin obtained
the complex infinite system (2.19) written in the paper [4] as (A6). Further,
Balagurov and Kashin [4, formulae (21) and (27)] write the effective conduc-
tivity up to O(f 13). This formula from [4] is asymptotically equivalent up to
O(f 13) to formula (14) obtained in the earlier paper [57]. Balagurov’s results
are not acceptable for high concentrations as displayed in Fig.3.
Parnell and Abrahams [56] derived ”new expressions for the effective
elastic constants of the material ... in simple closed forms (3.24)-(3.27)”.
They ”not appealed directly to the theory of Weierstrassian elliptic func-
tions in order to find the effective properties”. Actually, they repeated frag-
ments of Eisenstein’s approaches (1848) in [56, Sec.4.1]. Therefore, the same
Natanzon-Filshtinsky method was applied to regular arrays of circular cylin-
ders in [56].3
A series of papers beginning form 2000, see [59, 62, 20] and references
therein, contains a wide set of ”exact formulae” for the effective constants
hardly accepted as constructive following the lines of Sec.1. Some of them
[59, 21, 12] have the misleading title ”Closed-form expressions for the effec-
tive coefficients ...”. In the paper [20], ”the local problems are solved for
the case of fiber reinforced composite and the exact-closed formulae for all
overall thermoelastic properties” etc. The main results are obtained by the
method of Natanzon–Filshtinsky (1935, 1964) without references to it. As in
the previous papers, the series (2.11)-(2.12) are substituted into the bound-
ary conditions and Rayleigh’s type system of linear algebraic equations is
obtained.
Let us consider the recent paper [53] where the 2D square array of circular
cylinders and the 3D simple cubic array of spheres of two different radii Rs
and Rl were considered when the ratio Rs to Rl was infinitesimally small.
The authors declare that ”the interaction of periodic multiscale heterogene-
ity arrangements is exactly accounted for by the reiterated homogenization
method. The method relies on an asymptotic expansion solution of the first
3The most unexpected paper concerning doubly periodic functions belongs to Wang &
Wang [65] who in this one paper i) rediscovered Weierstrass’s functions [65, (2.29) and
(2.30)], ii) rediscovered Eisenstein’s summation approach [65, (2.18)], and iii) solved a
boundary value problem easily solved by means of the standard conformal mapping.
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Figure 3: Effective conductivity for the hexagonal array. Different expres-
sions for σe calculated with (2.24)-(2.27) (solid line), (2.10) (dashed line),
(2.28) (dot-dashed line). Formula [4, (21) and (27)] is presented by dotted
line.
principles applied to all scales, leading to general rigorous expressions for
the effective coefficients of periodic heterogeneous media with multiple spa-
tial scales”. This declaration is not true, because a large particle does not
interact with another particle of vanishing size. An effective medium ap-
proximation valid for dilute composites [50] was actually applied in [53] as
the reiterated homogenization theory. As a consequence, formulae (18) and
(19) from [53] can be valid to the second order of concentration [50] and
additional numerically calculated ”terms” are out of the considered preci-
sion. The considered problem refers to the general polydispersity problem
discussed in 2D statement in [9]. It is not surprisingly that the description
of the polydispersity effects in [9] and [53] are different since the ”exact”
formula from [53] holds only in the dilute regime. This is the reason why the
effective conductivity is less than the conductivity of matrix reinforced by
higher conducting inclusions in Figs 3 and 7 of [53] for high concentrations.
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4 Conclusion
We can draw the following conclusions.
1. Authors’ claims on closed-form expressions for the effective coefficients,
true for any parameter values, are absolutely unjustified.
2. The results obtained by them in this particular case are correct, but
they have a very limited field of applicability and are presented in a form
that does not allow direct use. Only after making considerable efforts and
becoming, in fact, the co-author of the paper, the reader is able to get simple
formulae. As a result, reader is convinced that this is a minor modification
(and not in the direction of improvement) of well-known formulae.
The question arises of the usefulness of such works - they are clearly
inaccessible to the engineer, they do not contain new mathematical results,
the field of applicability has not been evaluated in any way.
The general conclusion is that the expressions ”exact” or ”closed-form”
solutions are very obligatory. The authors of the articles should not use them
in vain, and reviewers and editors must stop unreasonable claims.
Note also numerous attempts to reinvent the wheel, which look especially
strange in time of Google’s Empire and scientific social networks (Research
Gate, etc.)
In fact, an infinite system of linear algebraic equations contains a re-
markable amount of information, which the investigator should do his best
to extract (see, c.f., [35]). However, we can not usually see this in papers
with ”exact solutions”.
We note one more aspect of the application of analytic, in particular,
asymptotic, methods. The significant disadvantage inherent in them - the
local nature of the results obtained - is overcome by modern methods of
summation and interpolation (Pade´ approximants, two–point Pade´ approxi-
mants, asymptotically equivalent functions, etc. [3, 29]). Example from our
paper: formulae (2.24)-(2.27) are deduced by asymptotic matching (2.23)
near f = 0 and (2.28) near f = fc.
Acknowledgments
Authors thanks Dr Galina Starushenko for fruitful discussions.
18
References
[1] I.V. Andrianov, H. Topol, Asymptotic Analysis and synthe-
sis in mechanics of solids and nonlinear dynamics, (2011)
http://arxiv.org/abs/1106.1783.
[2] I.V. Andrianov, J. Awrejcewicz, B. Markert, G.A. Starushenko, Analyt-
ical homogenization for dynamic analysis of composite membranes with
circular inclusions in hexagonal lattice structures, Int. J. Structural Sta-
bility and Dynamics, 17, (2017) 1740015.
[3] I.V. Andrianov, J. Awrejcewicz, New trends in asymptotic approaches:
summation and interpolation methods, Appl. Mech. Rev., 54 (2001) 69–
92.
[4] B.Ya. Balagurov, V.A. Kashin, Conductivity of a two-dimensional system
with a periodic distribution of circular inclusions, J. Exp. Theor. Phys.,
90 (2000) 850–860.
[5] B.Ya. Balagurov, Effective electrical characteristics of a two-dimensional
three-component doubly-periodic system with circular inclusions, J. Exp.
Theor. Phys., 92 (2001) 123–134.
[6] B.Ya. Balagurov, V.A. Kashin, Analytic properties of the effective dielec-
tric constant of a two-dimensional Rayleigh model, J. Exp. Theor. Phys.,
100 (2005) 731–741.
[7] B.Ya. Balagurov, Electrophysical Properties of Composite: Macroscopic
Theory, Moscow, URSS, 2015 (in Russian).
[8] D.I. Bardzokas, M.L. Filshtinsky, L.A. Filshtinsky, Mathematical Methods
in Electro-Magneto-Elasticity, Springer-Verlag, Berlin/Heidelberg, 2007.
[9] L. Berlyand, V. Mityushev, Increase and decrease of the effective conduc-
tivity of a two phase composites due to polydispersity, J. Stat. Phys. 118
(2005) 481–509.
[10] L. Berlyand, A. Novikov, Error of the network approximation for densely
packed composites with irregular geometry, SIAM Journal on Mathemat-
ical Analysis, 34 (2002) 385–408.
19
[11] L.C. Botten, N.A. Nicorovici, R.C. McPhedran, C.M. de Sterke, A.A.
Asatryan, Photonic band structure calculations using scattering matrices,
Physical Review E, 64 (1971) 046603.
[12] J. Bravo-Castillero, R. Guinovart-Diaz, F.J. Sabina, R. Rodriguez-
Ramos, Closed-form expressions for the effective coefficients of a fiber-
reinforced composite with transversely isotropic constituents - II. Piezo-
electric and square symmetry, Mechanics of Materials, 33 (2001) 237–248.
[13] A.M. Dykhne, Conductivity of a two-dimensional two-phase system, Sov.
Phys. JETP, 32 (1971) 63–65.
[14] F.D. Gakhov, Boundary Value Problems. 3rd edition, Nauka, Moscow,
1977 (in Russian); Engl. transl. of 1st ed.: Pergamon Press, Oxford, 1966.
[15] Y.A. Godin, The effective conductivity of a periodic lattice of circular
inclusions, J. Math. Phys., 53 (2012) 063703.
[16] E.I. Grigolyuk, L.M. Kurshin, L.A. Filshtinskii, On a method to solve
doubly periodic elastic problems, Prikladnaya Mekhanika (Applied Me-
chanics), 1 (1965) 22–31 (in Russian).
[17] E.I. Grigolyuk, L.A. Filshtinsky, Perforated Plates and Shells, Nauka,
Moscow, 1970 (in Russian).
[18] E.I. Grigolyuk, L.A. Filshtinsky, Periodical Piece–Homogeneous Elastic
Structures, Nauka, Moscow, 1991 (in Russian).
[19] E.I. Grigolyuk, L.A. Filshtinsky, Regular Piece-Homogeneous Structures
with Defects, Fiziko-Matematicheskaja Literatura, Moscow, 1994 (In Rus-
sian).
[20] R. Guinovart-Diaz, R. Rodriguez-Ramos, J. Bravo-Castillero, F. J.
Sabina, G. A. Maugin, Closed-form thermoelastic moduli of a periodic
three-phase fiber-reinforced composite, J. Thermal Stresses, 28 (2005)
1067–1093.
[21] R. Guinovart-Diaz, J. Bravo-Castillero, R. Rodriguez-Ramos, F.J.
Sabina, Closed-form expressions for the effective coefficients of a fibre-
reinforced composite with transversely isotropic constituents I. Elastic
and hexagonal symmetry, J. Mech. Phys. Solids, 49 (2001) 1445–1462.
20
[22] E.S. Ferguson, How engineers lose touch, Invention and Technology, 8
(1993) 16–24.
[23] L.A. Filshtinskii, Physical Fields Modelling in Piece–Wise Homogeneous
Deformable Solids, Publ. SSU, Sumy, 2001 (in Russian).
[24] L. A. Fil’shtinskii, Heat-conduction and thermoelasticity problems for a
plane weakened by a doubly periodic system of identical circular holes,
Tepl. Napryazh. Elem. Konstr., 4 (1964) 103–112 (in Russian).
[25] L.A. Filshtinskii, Stresses and displacements in an elastic sheet weak-
ened by a doubly periodic set of equal circular holes, Journal of Applied
Mathematics and Mechanics, 28 (1964) 530–543.
[26] L.A. Filshtinskii, Toward a solution of two–dimensional doubly periodic
problems of the theory of elasticity. PhD thesis, Novosibirsk University,
Novosibirsk, 1964 (in Russian).
[27] L. Filshtinsky, V. Mityushev, Mathematical models of elastic and
piezoelectric fields in two-dimensional composites, Mathematics Without
Boundaries. Surveys in Interdisciplinary Research, P.M. Pardalos, Th.M.
Rassias, (Eds.), (2014) 217–262.
[28] A.Ya. Findlin, Peculiarities of the use of computational methods in ap-
plied mathematics (on global computerization and common sense), I.I.
Blekhman, A.D. Myshkis, Ya.G. Panovko, Applied Mathematics: Sub-
ject, Logic, Peculiarities of Approaches. With Examples from Mechanics,
URSS, Moscow (2007) 350–358 (in Russian).
[29] S. Gluzman, V. Mityushev, W. Nawalaniec, Computational Analysis of
Structured Media, Elsevier, Amsterdam, 2017.
[30] J. Gleik, Chaos: Making a New Science, Viking Penguin, 1987.
[31] A.N. Guz, V.D. Kubenko, M.A. Cherevko, Diffraction of elastic waves,
Naukova Dumka, Kiev, 1978 (in Russian).
[32] A.L. Kalamkarov, I.V. Andrianov, P.M.C.L. Pacheco, M.A. Savi, G.A.
Starushenko, Asymptotic analysis of fiber-reinforced composites of hexag-
onal structure, J. Multiscale Modelling, 7 (2016) 1650006 .
21
[33] A.L. Kalamkarov, I.V. Andrianov, G.A. Starushenko, Three-phase model
for a composite material with cylindrical circular inclusions. Part I: Ap-
plication of the boundary shape perturbation method, Int. J. Engineering
Science, 78 (2014) 154–177.
[34] A.L. Kalamkarov, I.V. Andrianov, I.V., G.A. Starushenko, Three-phase
model for a composite material with cylindrical circular inclusions. Part
II: Application of Pade´ approximants, Int. J. Engineering Science, 78
(2014) 178–219.
[35] L.V. Kantorovich, V.I. Krylov, Approximate Methods of Higher Analy-
sis, Noordhoff, Groningen, 1958.
[36] I. Kushch, Micromechanics of Composites, Elsevier, Butterworth-
Heinemann, 2013.
[37] I. Kushch, S.V. Shmegera, V.A. Buryachenko, Elastic equilibrium of a
half plane containing a finite array of elliptic inclusions, Int. J. Solids
and Structures, 43 (2006) 3459–3483.
[38] I. Kushch, Stress concentration and effective stiffness of aligned fiber re-
inforced composite with anisotropic constituents, Int. J. Solids and Struc-
tures, 45 (2008) 5103–5117.
[39] I. Kushch, Transverse conductivity of unidirectional fibrous composite
with interface arc cracks, Int. J. Engin. Sci., 48 (2010) 343–356.
[40] R.C McPhedran, D.R McKenzie, The conductivity of lattices of spheres.
I. The simple cubic lattice, Proc. Roy. Soc. London, A359 (1978) 45–63.
[41] R.C. McPhedran, L. Poladian, G.W. Milton, Asymptotic studies of
closely spaced, highly conducting cylinders, Proc. Roy. Soc. London,A415
(1988) 185–196.
[42] S.G. Mikhlin, Integral Equations and their Applications to Certain Prob-
lems in Mechanics, Mathematical Physics, and Technology, Pergamon
Press, Oxford, 2nd edition, 1964.
[43] V. Mityushev, Plane problem for the steady heat conduction of material
with circular inclusions, Arch. Mech., 45 (1993) 211–215.
22
[44] V. Mityushev, Generalized method of Schwarz and addition theorems
in mechanics of materials containing cavities, Arch. Mech., 45 (1995)
1169–1181.
[45] V. Mityushev, Transport properties of regular array of cylinders, ZAMM,
77 (1997) 115–120.
[46] V. Mityushev, Functional equations and its applications in mechanics of
composites, Demonstratio Math., 30 (1997) 64–70.
[47] V. Mityushev, Steady heat conduction of the material with an array of
cylindrical holes in the non-linear case, IMA J. Appl. Math., 61 (1998)
91–102.
[48] V. Mityushev, Exact solution of the R-linear problem for a disk in a class
of doubly periodic functions, J. Appl. Funct. Anal., 2 (2007) 115–127.
[49] V.V. Mityushev, S.V. Rogosin, Constructive Methods for Linear and
Nonlinear Boundary Value Problems for Analytic Functions. Theory and
Applications, Chapman & Hall / CRC, Monographs and Surveys in Pure
and Applied Mathematics, Boca Raton etc., 2000.
[50] V. Mityushev, N.Rylko, Maxwell’s approach to effective conductivity and
its limitations, Quart. J. Mech. Appl. Math., 66 (2013) 241–251.
[51] A.B. Movchan, N.V. Movchan, R.C. McPhedran, Bloch–Floquet bending
waves in perforated thin plates, Proc. Roy. Soc. London, A463 (2007)
2505–2518.
[52] V. Mityushev, Poincare´ α-series for classical Schottky groups and its
applications, G.V. Milovanovic´, M.Th.Rassias (Eds.). Analytic Number
Theory, Approximation Theory, and Special Functions, Springer (2014)
827–852.
[53] E.S. Nascimento, M.E. Cruz, J. Bravo-Castillero, Calculation of the ef-
fective thermal conductivity of multiscale ordered arrays based on reiter-
ated homogenization theory and analytical formulae, Int. J. Engin. Sci-
ence, 119 (2017) 205–216.
[54] V. Ya. Natanzon, On stresses in a tensioned plate with holes located in
the chess order, Matematicheskii sbornik, 42 (1935) 617–636 (in Russian).
23
[55] N.A. Nicorovici, G.W. Milton, R.C. McPhedran, L.C. Botten, Qua-
sistatic cloaking of two-dimensional polarizable discrete systems by
anomalous resonance, Optics Express, 15 (2007) 6314–6323.
[56] W. Parnell, I.D. Abrahams, Dynamic homogenization in periodic fi-
bre reinforced media. Quasi-static limit for SH waves, Wave Motion, 43
(2006) 474–498.
[57] W.T. Perrins, D.R. McKenzie, R.C. McPhedran, Transport properties
of regular arrays of cylinders, Proc. Roy. Soc. London, A369 (1979) 207–
225.
[58] Rayleigh, On the influence of obstacles arranged in rectangular order
upon the properties of medium, Phil. Mag., 34 (1892) 481–502.
[59] R. Rodriguez-Ramos, F.J. Sabina, R. Guinovart-Diaz, J. Bravo-
Castillero, Closed-form expressions for the effective coefficients of a fibre-
reinforced composite with transversely isotropic constituents I. Elastic
and square symmetry, Mech. Mater., 33 (2001) 223–235.
[60] N. Rylko, Transport properties of a rectangular array of highly conduct-
ing cylinders, Proc Roy. Soc. London, A472 (2000) 1–12.
[61] N. Rylko, Structure of the scalar field around unidirectional circular
cylinders, Journal of Engineering Mathematics, 464 (2008) 391–407.
[62] F.J. Sabina, J. Bravo-Castillero, R. Guinovart-Diaz, R. Rodriguez-
Ramos, O.C. Valdiviezo-Mijangos, Overall behaviour of two-dimensional
periodic composites, Int. J. Sol. Struct., 39 (2002) 483–497.
[63] G.P. Sendeckyj, Multiple circular inclusion problems in longitudinal
shear deformation, J. Elasticity, 1 (1971) 83–86.
[64] A.B. Tayler, Mathematical Models in Applied Mechanics, Oxford,
Clarendon Press, 2001.
[65] Y. Wang, Y. Wang, Schwarz-type problem of nonhomogeneous Cauchy-
Riemann equation on a triangle, J. Math. Anal. Appl., 377 (2011) 557–
570.
[66] A. Weil, Elliptic Functions According to Eisenstein and Kronecker,
Springer-Verlag, Berlin etc., 1976.
24
[67] S. Yakubovich, P. Drygas, V. Mityushev, Closed-form evaluation of 2D
static lattice sums, Proc. Roy. Soc. London, A472 (2016) 20160510.
25
